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Abstract

Fractal geometry can be useful for explaining the fracture behavior and rock properties. The fractal properties of

rock fracture surface developed under tension were examined. Seven different rock samples were selected for the tests.

An automated surface scanning device was used to map the fractured surfaces. Variogram analysis (VA) (for 1D self-

affine sets) and power spectral density (PSD) measurement (for 2D self-affine sets) were applied to calculate the fractal

dimension. On a comparative basis, there exists a trend between the fractal dimension and loading rate. The profiles in

the loading direction yield higher fractal dimensions indicating the anisotropic feature of fractal. The fractal dimensions

obtained by PSD and VA display a relationship for grain size and porosity. Higher porosity samples give different

fractal dimensions for upper and lower fractures surfaces.

� 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Substantial work has been done on data ac-

quisition of fractals for rock surfaces ever since

the fracture surfaces have been shown to represent

fractal characteristic [1–3]. Considerable work,

however, is needed to show whether the fractal

characteristics of the surface roughness is in any

way related to the hydraulic and mechanical be-

havior of fracture. Such a relation, when estab-

lished, could be useful for quantifying fracture

surface data.

Correlation of the surface roughness to the

fracture parameters can serve a useful purpose in

modeling. To this end, crack propagation has been

examined [4] by identifying the relevant fracture
parameters. The peak shear stress was correlated

to the fractal dimension [5] of the fracture surfaces.

Similar results with artificial joint samples were

reported in [6,7]. Proposed in [8] are correlations

among six roughness parameters including the

fractal dimension of surface subjected to shear

stress. A new peak shear strength criterion was

introduced [9] for anisotropic peak shear strength
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of rock joints. They correlated the peak shear

strength to effective normal stress, joint compres-

sive strength, basic friction angle and stationary

roughness parameter.

All of the above studies involve correlating the

fractal dimension of fracture surface to the shear
stress before and after the test. This study aims to

investigate the relationship between the initial rock

and fracture conditions involving the rock prop-

erties and loading rate, and surface roughness

yielding after fracture. This is relevant to hydraulic

fracturing of oil, gas or geothermal wells. The in-

formation can be useful to earthquake studies.

In similar studies, fracture data have been ob-
tained for the shear and tensile tests. Computed

are the fractal dimension of fracture profiles in

different directions using the variogram method

[10]. They related the fractals to the roughness and

asperities. The same method was applied in [11].

Poor correlation was found between the fractal

dimension and the shear stiffness of rock joints.

The conclusion was that the fractals were not
sufficient to quantify the surface roughness for

predicting the mechanical behavior of rock joints.

It was indicated [12] that the multifractal spectrum

of fracture surfaces provides more information on

the fracturing mechanism and the distribution of

asperity concentration on the surface after apply-

ing divider method to measure the fractal pro-

files in different directions. Considerable changes
of fractals were observed for tensile and shear

fracture. 2D variogram analysis (VA) was made

[13] to the data acquired from the morphology of

two mortar replicas of granite and schist samples.

They applied three different shear stresses. In

addition to fractal dimension, parameters were

defined to characterize joint surface specific

roughness and degradation of sheared joint sur-
face. These parameters were correlated to applied

normal stress. The roughness of fracture surface

was correlated [14] to the petrophysical properties

of cement paste and mortar. Studied in [15] is the

effect of loading rate on the fractal dimension of

the fracture surfaces in gabbro. It was found that

the fractal dimension of the static fracture surfaces

of gabbro were approximately constant. But, the
fractal dimensions of dynamic fracture surfaces

increased with increasing loading rate.

In what follows, attention is focused on the

loading stress during indirect tensional tests (Bra-

zilian) and rock properties. The data are correlated

to the fractal properties of the surface roughness.

2. Tension (Brazilian) tests

The rock samples are 5.06 cm in diameter and

5.06 cm in length. They were subjected to the

Brazilian tests. A single fracture was developed.

The four loading rates are applied: 0.05, 0.1, 0.2

and 0.3 kN/s. Two examples of fracture surfaces

developed under three different loading rates are
shown in Fig. 1. Table 1 summarizes the petro-

logical and petropyhsical properties of the sam-

ples. Effective porosity values were obtained from

the laboratory measurements by the saturation

method. Average grain sizes were determined

through visual inspection of thin sections. The

average grain sizes were also verified from the

published data for different rock types [16]. Each
sample was subjected to four different loading

rates except sample L. Only three loading rates,

0.05, 0.1 and 0.2 kN/s, were applied for this

sample.

3. Data acquisition

To map the surface roughness of fractures, a

computer controlled mechanical device was used.

The details of the device can be found in [17].

Measurements [18–20] for different rock fracture

surfaces have been made. 32� 32 data points, 1
mm apart, were acquired through this system.

Accuracy of the data acquisition scheme [17] and

fractal measurements [19] can be found in the
relevant references. 3D views of two fracture sur-

faces are illustrated in Fig. 2.

4. Determination of fractal dimension

Numerous methods have been introduced for

the fractal analysis of fracture surfaces. The reli-
ability of these methods still leaves much to be

desired [21]. The fracture surface roughness was

74 T. Babadagli, K. Develi / Theoretical and Applied Fracture Mechanics 39 (2003) 73–88



Fig. 1. (a) Photo of the fracture surfaces created under different tensional stresses (rock sample L). The diameter of the semi-cylindrical

sample is 2 in. (b) Photo of the fracture surfaces created under different tensional stresses (rock sample K). The diameter of the semi-

cylindrical sample is 2 in.

Table 1

Rock type used throughout the study and their petrophysical and pertrological properties

Rock no Rock type Effective

porosity

(%)

Average

grain size

(mm)

Thin section description

D Diabase Igneous 0.26 2 Coarse crystal, weathered, quartz filling micro-fractures. No

void space

E Limestone Sedimentary 1 0.25 Porous, micritic, limestone (travertine). Secondary calcite

crystallization. Pore sizes between 0.2 and 4 mm. Low Fe-

oxide. High void space

F Sandstone Sedimentary 1.65 0.6 Rich for quartz. Contains feldspar and mica

G Andesite Igneous 4.5 0.002 Rich for pyroxene minerals. Void space is observed

J Granite Igneous 0.6 2 Rich for amphibole and biotite. Low weathering

K Limestone Sedimentary 7.2 0.5 Cemented sandy limestone. High weathering. Contains mica

and amphibole. Contains pores

L Recrystallized

limestone

Metamorphic 0.05 2 Cemented, red–dark-brown colored recrystallized limestone.

Contains Fe-oxide. Micritic texture
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Fig. 2. Two examples of fracture surfaces. 32� 32 surface data acquired by a fully automated surface scanning device.
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observed as self-affine fractal [18,22–25]. The 1D

power spectral and variogram analyses have been

used in [2,3,24]. Recently, 2D date sets have been

applied [18] for different methods to measure the

fractal dimension of natural fracture surfaces. The

fractal profiles obtained by the VA do not ap-
proach the fractal dimension of 2D data set ob-

tained by power spectral analysis if the value is

simply added to one. Provided in [26,27] are also

an extensive comparison analysis of the methods

used to measure the fractal dimension of fracture

surfaces. These comparative studies conclude that

the VA can be easily applied to measure the fractal

dimension of surface profiles and yields consistent
results with other techniques for 1D data set.

4.1. Power spectral density analysis

Power spectral density (PSD) analysis is com-

monly applied to calculate the fractal dimension

of both fracture profiles and surfaces. The fractal

dimension of a two-dimensional set can be calcu-
lated from the slope of a log–log plot of power,

SðkÞ vs. wavenumber, k. The relationship between
SðkÞ and k is given by

SðkÞ / k�b ð1Þ
where b is the slope of the log–log plot. The fractal
dimension D is related to the slope b of log–log

plot as [28]:

D ¼ ð8þ bÞ=2 ð2Þ
The PSD of a topologically two-dimensional

fracture surface can be calculated with two-

dimensional Fourier transform. Two-dimensional
Fourier transform of a given complex function

zðp1; p2Þ is calculated over the grid by the equation

zðn1; n2Þ ¼
XN1�1

p1¼0

XN2�1

p2¼0
zðp1; p2Þe

�i2p p1n1
N1

þp2n2
N2

� �
ð3Þ

where N1 and N2 refer to sample data along x and y
direction respectively, p1 and p2 are index values
used in consecutive data spatial domain along the x
and y direction, respectively, where 06 p16N1 � 1
and 06 p26N2 � 1. Here, n1 and n2 are index
values used in wavenumber sampling along x and y
direction respectively, such that 06 n16 N1 � 1
and 06 n26N2 � 1.

With this equation, the two-dimensional data,

can be transformed to the wavenumber k space.
After the transformation, the PSD analysis can be

calculated as

jzðn1; n2Þj2 ¼ R2zðn1; n2Þ þ I2zðn1; n2Þ ð4Þ

where Rzðn1; n2Þ and Izðn1; n2Þ are the real and
imaginary part of the Fourier transform, respec-

tively.

4.2. Variogram analysis

The variogram is defined as the mean squared

increment of points

cðhÞ ¼ 1

2n
½V ðxiÞ � V ðxiþhÞ
2 ð5Þ

where cðhÞ is the semi-variogram and n is the

number of pairs at a lag distance and h and V ðxiÞ
and V ðxiþhÞ are the sample values at location xi and
xiþh.

The variogram that has been used for spatial

analysis in geostatistics can also be used to esti-
mate the fractal dimension of natural surfaces. If

the variogram cðhÞ is plotted against lag distance,
h on a log–log paper, the slope yields the Hurst
exponent, H according to

cðhÞ ¼ c0h
2H ð6Þ

Here, H is related to the fractal dimension by

D ¼ 2� H while H is the half of the slope of lag

distance. The variogram involves plotting h vs.

cðhÞ.

5. Analysis of the results

The analysis was done in two different ways.

First, the 2D set as a whole was evaluated. Next,

1D sets were analyzed individually to account for

the anisotropic nature of the fractal characteristics

of the surface data. Both upper and lower surfaces
of the fracture were considered. PSD analysis was

performed only for the fractal dimension of the

surface. VA was applied for the fractal dimension

and intercept value (c0 in Eq. (6)).
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5.1. Power spectral density analysis

The fractal dimensions of fracture surfaces

for seven rocks were calculated using the PSD

method. The values obtained by this method are
expected to be between 2 and 3 if the fracture

surface represents fractal characteristic. All the

surfaces with a few exceptions gave values between

2 and 3 as seen in Fig. 3. These exceptions are

slightly lower than 2. The fractal dimension values

are less than 2.5 with only one exception. No

typical trend or behavior is observed for all the

rock samples. There is a noticeable difference be-

tween the fractal dimensions of upper and lower

parts of the samples E, F, G, J and K. Obviously,

sample type plays a role on the fracture charac-

teristics. The inconsistencies between the fractal

dimensions of upper and lower surfaces are related
to petrological–mineralogical and petrophysical

properties of the rock samples. This will also

control the surface roughness of fracture. Note

that samples E and K are limestones, sample F is

sandstone, sample G is andesite and sample J is

granite, Table 1. Limestone, sandstone and ande-

Fig. 3. Fractal dimension of the upper and lower surfaces against the loading rate for the rock types given in Table 1. Method applied:

PSD. � Upper surface; � lower surface.
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site samples contain pore space. Thin section views

revealed that the grain sizes are between 0.25 and

0.6 mm for both sandstone and limestone samples
(Table 1). The exceptional case was sample J

(granite). The porosity of this sample was very low

but the grain size (2 mm) was greater than the

other samples.

In order to obtain a general insight into the

relationship between the fractal dimension and

loading rate, all the data shown in Fig. 3 were

plotted together in Fig. 4. No quantitative corre-
lation has been withdrawn due to scattered nature

of the data but a general trend can be observed

in this graph. As seen, the fractal dimension in-

creased with increasing loading rate.

5.2. Variogram analysis

The fractal dimensions of 32 profiles from the

vertical and horizontal directions were calculated

using a maximum lag distance h of six. Horizontal
and vertical profiles correspond to the parallel di-

rection of loading and vertical to the orthogonal

direction of loading. The scanning directions are

shown in Fig. 5 schematically. Fracture surfaces

were evaluated using fractal dimension and inter-

cept values. The arithmetic means of the fractal

dimension and intercept values (c0 in Eq. (6)) of 32
profiles were taken as the fractal dimension and
intercept values for the whole surface.

5.2.1. Average fractal dimension

The average values were calculated for 32

fractal profiles in the vertical or horizontal direc-

tion. The change of these fractal dimensions with

the loading rate for both vertical and horizontal

profiles are shown in Fig. 6. All the fractal values
fell within the range between 1 and 2 implying that

they all represent fractal feature. The fractal di-

mensions of upper and lower surfaces are in agree-

ment for all the cases except sample K. This is in

accordance with the PSD fractal dimensions, Fig.

3. But samples E, F, G and J also yield non-

matching fractal dimensions of the upper and

lower surfaces for PSD measurements. Note that
sample K with medium size grain has the highest

porosity value. Sample G and F have the second

Fig. 4. Change of surface fractal dimension obtained by PSD

with the loading rate for all samples given in Fig. 3. � Upper

surface; � lower surface.

Fig. 5. Creation of fracture surfaces by the Brazilian test and the scanning directions to map the surface roughness.
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Fig. 6. Average fractal dimension values against the loading rate for both vertical (left) and horizontal (right) profiles for the rock

types given in Table 1. Method applied: VA. � Upper surface; � lower surface.
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and third highest porosity among the seven sam-

ples, that are 4.5 and 1.65, respectively. In fact,

sample G and F showed a notable difference be-

tween the fractal dimensions of upper and lower

surfaces in the horizontal direction. It should also

be emphasized that the difference between the
upper and lower surfaces was more pronounced

for the horizontal direction profiles than the ver-

tical ones. These observations divulge that poros-

ity and grain size can be correlated by variogram

fractal dimensions.

It was observed that the trend of fractal di-

mension change with the loading rate was quite

similar to the PSD analysis. The difference be-
tween the upper and lower surface fractal dimen-

sions were much smaller than those of PSD

fractal dimensions. Some exceptional cases exist.

For sample J, PSD fractal dimensions for the

vertical and horizontal lines were quite far apart,

Fig. 3. In contrast, both methods revealed a

similar behavior for sample K for the difference

between upper and lower fractal dimensions. In-
terestingly, the trend of fractal dimension change

with the loading rate is very similar for both PSD

and VA for sample K. Note also that similar

trends were observed for the vertical and hori-

zontal profiles even though the fractal dimensions

for the latter are higher in all cases for both up-

per and lower surfaces. Observed in [10] are the

opposite when porous sandstone samples are
used. The fractal dimension in loading direction

(horizontal direction) is lower than those in the

direction perpendicular to the loading. Further

discussion on this will be made later.

Fractal dimension describes the irregularity of

the surface roughness, i.e. higher fractal dimen-

sion corresponds to rougher fracture surface [11].

Sample D exhibits the lowest fractal dimension for
higher loading rates in the vertical direction. This

implies that the surface is smoother than all others.

In vertical direction, other samples represent frac-

tal dimension values between 1.2 and 1.4. In hor-

izontal direction, however, samples D and E have

the highest fractal dimensions. The lowest fractal

dimension in this direction was obtained for sam-

ple K. Note that sample D and K represent the
lowest and highest porosities, respectively. At first

sight, it may be concluded that the horizontal

fractal dimensions becomes higher as the porosity

decreases. Two limestone samples (sample E and

K) showed different behavior. This can be attrib-

uted to the grain size and porosity of the sample.

Sample E presents calcite recrystallization and this

might be the reason for a much lower porosity
than the other limestone sample K. For all the

rock samples, fractal dimension in the horizontal

direction is higher. This means that the surface in

this direction is rougher.

5.2.2. Average intercept value

Recent studies showed that the fractal dimen-

sion is insufficient to quantify the surface rough-
ness [9,11,13]. Different fractal properties were

used in different studies for characterizing surface

roughness. The use of intercept value in Eq. (6) for

correlation has been proposed in [10,11]. These

studies show that the intercept is an indicator of

asperities. The steeper the asperity, the greater is

the y-intercept [11].
Analyzed also is the change of intercept with

the loading rate, Fig. 7. The trend is similar to the

fractal dimension change against the loading rate

but no typical correlation was observed. The dif-

ference between the upper and lower surfaces is

trivial for all the cases except for samples G and K.

This difference for the fractal dimension change

with the loading rate is in the same manner as in

Fig. 6. The reason of this change is again the high
porosity of the two samples.

All the data given in Figs. 6 and 7 for the PSD

analysis were plotted for both the vertical and

horizontal lines. The plots are shown in Fig. 8. The

aim is to observe the general trend of the miner-

alogical and petrophysical properties of the rock.

A second degree polynomial curve was fitted. The

intercept value exhibits a decreasing trend with
the loading rate for both vertical and horizontal

profiles, Fig. 8(a) and (b). The fractal dimension

changes with the loading rate, however, was not

significant, Fig. 8(c) and (d). It is almost a zero-

slope straight line for vertical profiles. The change

is more pronounced for horizontal profiles. There

exists minimum and maximum values for upper

and lower surfaces, respectively, Fig. 8(d). These
points coincide with the loading rate values be-

tween 0.15 and 0.2 kN/s.
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Fig. 7. Average intercept values (c0 in Eq. (6)) against the loading rate for both vertical (left) and horizontal (right) profiles for the rock
types given in Table 1. Method applied: VA. � Upper surface; � lower surface.
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5.2.3. Evaluation of the fractal properties of profiles

individually

The fractal dimensions and intercepts obtained

through VA were examined individually. Evalu-

ated in [10,12] are the fractal dimensions of indi-

vidual profiles obtained by the VA and divider
method. Different fractal dimensions are obtained

for all profiles individually. The fractal dimensions

are found to vary with the direction for both ten-

sile and shear fracture. The fractal dimension for

profiles parallel to the loading directions, that

corresponds to the horizontal profiles (see Fig. 3)

are greater than those in the perpendicular direc-

tion [12]. The opposite was observed in [10] for
variogram fractal dimensions. In the present case,

the horizontal dimensions were higher than the

vertical ones. This is in agreement with the divider

measurements [12] but not with the variogram

dimensions of porous sandstone surfaces [10].

Four extreme cases are given in Figs. 9 and 10

for the slope and intercept values of the profiles,

respectively. The slope is related to the fractal di-
mension for D ¼ 2� H . Rock samples D and F

represent the cases for which the slope and inter-

cept values are considered to be in good agreement

for vertical and horizontal profiles. Samples J and

K, however, exhibit significant difference in the

slopes and intercepts.

The differences between the intercept, slope and

fractal dimension of the upper and lower surface

profiles were also analyzed. The differences were
obtained by subtracting the lower surface values

from the upper surface. For sample G, all three

loading rates yield significant difference in the

slopes. This is more significant for the lower load-

ing rates of 0.05, 0.1 and 0.2 kN/s. For samples E

and F, the difference is notable for the loading rate

of 0.05 kN/s. The same can be said for the loading

rate of 0.3 kN/s for sample K. The differences are
not significant for the sample D and J.

Individual fractal dimensions of profiles do not

reveal any information because they differ from

adjacent one. But the average value may have some

implications regarding to the surface roughness,

Fig. 6. Typically, lowest difference between the

upper and lower surfaces were observed in the

middle portion of the samples in the vertical di-
rection (orthogonal to loading). This was not ob-

served for the horizontal profiles. This local

change in the fractal dimension (or roughness) is

Fig. 8. Change of intercept and fractal dimension obtained by VA with the loading rate for all samples given in Figs. 6 and 7.
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expected to be related to the stress condition

causing fractures.

5.3. Relationship between grain size/porosity and

fractal dimension

Analysis was carried out for relating porosity–

grain size to the fractal dimension of surface. PSD

fractal dimensions showed a decreasing trend with

the grain size, Fig. 11(a). No correlation with the

porosity, Fig. 11(b) was obtained. VA fractal di-

mensions yield a similar trend with the grain size,

Fig. 12(a). They also gave a correlation with the
porosity, Fig. 12(b). It was found that the peak

fractal dimension is obtained for the porosity

value around 1%, Fig. 12(b). This is valid for all

four loading rates; as it can be seen from Fig.

13(b). In short, porosity is more sensitive to the

Fig. 9. Slope values of the profiles of upper and lower surfaces in vertical (left) and horizontal (right) directions for samples D, F, J and

K. M Upper surface; � lower surface.
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surface roughness than the grain size. The grain
size showed no correlation. The curve is almost

a straight line with zero slope for the variogram

fractal dimensions of vertical profiles, Fig. 13(a).

The only point worthwhile emphasizing is that

more scattered fractal dimension values were ob-

tained for the higher grain sizes. The fractal di-

mension for the smaller grain sizes (<0.5 mm)

were much closer to each other for different load-
ing rates.

To summarize the observations:

• No trend was observed for the change of fractal
dimension with loading rate when the samples

were analyzed individually. When all the sam-

ples were considered, however, it was found that

Fig. 10. Intercept values of the profiles of upper and lower surfaces in vertical (left) and horizontal (right) directions.M Upper surface;

� lower surface.
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there exists a certain trend between the loading

rate and fractal dimension.
• Profiles parallel to the loading yield higher frac-
tal dimensions than those perpendicular to the

loading.

• The difference between the upper and lower

samples was attributed to the porosity of the

sample. Higher porosity resulted in a higher dif-

ference between the fractal dimension of the two

surfaces. Thus, more tortuosity is expected with
increasing porosity.

6. Conclusions and remarks

This research questions whether the fractal

properties of fracture surfaces could be used to

explain rock property and fracture behavior. To
this end, the PSD and VA were applied to calcu-

late the fractal dimensions of fracture surfaces.

The Brazilian test was used to create fracture

surfaces. No typical behavior was observed to

define a relationship between the fractal dimension
and loading rate when the evaluation is made for

each rock sample individually. A trend seems to

prevail when the all samples were plotted together.

PSD dimension and intercept value from VA

showed a decreasing trend of fractal dimension

with the loading rate. For the samples that contain

more pores such as limestone and sandstone, and

granite with no pores bigger than grain size, upper
and lower fracture surfaces exhibited difference in

fractal dimension. This difference is more pro-

nounced for the profiles parallel to the loading.

PSD fractal dimensions showed a decreasing

trend with the grain size but no correlation with

the porosity. VA fractal dimensions exhibited a

similar trend with the grain size but they also

presented a correlation with the porosity. It was
found that a peak fractal dimension value exists; it

corresponds to porosity value around 1%. This

Fig. 11. Relationship between the fractal dimension and (a)

grain size and (b) porosity for all samples given in Table 1.

Method: PSD analysis. � Upper surface; � lower surface.

Fig. 12. Relationship between the fractal dimension and (a)

grain size and (b) porosity for all samples given in Table 1 for

horizontal and vertical profiles (upper surfaces only). Method:

VA. � Horizontal profiles; M vertical profiles.
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was valid for all four loading rates. Porosity was
observed more sensitive to the surface roughness

than the grain size.
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