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After the fundamental work of Amitsur and the interest in rings
with involution developed from the 1970s by Herstein and
collaborators, it is natural to consider group algebras from this
viewpoint.
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Introduction

In particular, it is interesting to consider the sets of symmetric
and skew-symmetric elements and, to know the extent to
which the Lie properties of these sets determine the Lie
properties of the whole group algebra. For Lie nilpotent (Lie
n-Engel) group algebras it is known:

@ Giambruno and Sehgal, in [GS93], under classical
involution.
o G. Lee (see [LeelO, Section 3.3]).

@ G. Lee also advanced in the knowledge of the Lie n-Engel
property in FG™, [Leel0, Sections 3.1 and 3.2].

@ Giambruno, Polcino Milies and Sehgal [GPS09], studied
Lie properties in FG™, under group involutions.

@ Recently, Castillo and Polcino Milies [CP12] have studied
the Lie nilpotence and the Lie n-Engel properties in FG™
and FG—, under the oriented classical involution.
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Definition

A F-algebra R € %-PlI, if there exists a nonzero polynomial
f(x1, X1y .oy Xn, xpt) € F{x1,x{,%0,%3,...}, s.t
f(a1,ai,..,an,ay) =0 for all a1, ay, ...,an € R.

@ RT e Pl= R € xPl
@ R € xPl = R* € %PIl. But more can be said...
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As usual in most work with Pl's, the first step is to show that
R satisfies a homogeneous multilinear identity..., i.e.,
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Theorem (Linearization process)

If R satisfies p(x; x*) = am(x; x*) + ... of degree d, where
a # 0 and m(x; x*) is a monomial of degree d, then R satisfies
p(x; x*) = axix2...xq + q(x; x*) where each monomial of

q(x; x*) is of degree d, involves x; or x} but not both and
X1X2...X4 does not occur in g(x; x*).
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Given both an o : G — U(F) and a x : G — G, an oriented
group involution of FG is defined by

R a=Y aggat =Y ago(g)g’, N=ker(c).
geG geG

As usual, we write G, FG™ (FG™), the set of symmetric
(skew-symmetric) elements of G and FG under «,
respectively.



Lie nilpotent & Lie n-Engel

e In an associative ring R, we define the Lie product via
e [x1, x2] = x1x2 — x2x1 and, recursively via

algebras and
oriented
group

involutions

ALEX-TMF
XIX CLA

Lie nilpotent &

Lie n-Engel



Lie nilpotent & Lie n-Engel

*—hiz:(i:tiizzs o In an associative ring R, we define the Lie product via
group [x1,x2] = x1x2 — xox1 and, recursively via
algebras and
oriented
group
involutions [Xl7 eees Xny Xn+1] = [[X]_, ceey Xn], Xn+1]
ALEX-IMF
XIX CLA

Lie nilpotent &

Lie n-Engel



Lie nilpotent & Lie n-Engel

Special In an associative ring R, we define the Lie product via

*-ldentities in

group [x1,x2] = x1x2 — xox1 and, recursively via
algebras and
oriented

group
involutions [X]_7 scg) Xn, Xn+1] = [[X]_, ceey Xn], Xn+1].

ALEX-IME
Definition

XIX CLA

@ A S CR issaid to be Lie nilpotent if there exists an
n > 2 such that [a1, ...,a,| = 0 for all a; € S. The smallest
such n is called the nilpotency index of S.

Lie nilpotent &
Lie n-Engel




Lie nilpotent & Lie n-Engel

Special In an associative ring R, we define the Lie product via

*-ldentities in . o
group [x1,x2] = x1x2 — xox1 and, recursively via
algebras and
oriented

group
involutions [X]_7 scg) Xn, Xn+1] = [[X]_, ceey Xn], Xn+1].

ALEX-IME

@ A S CR issaid to be Lie nilpotent if there exists an
n > 2 such that [a1, ...,a,| = 0 for all a; € S. The smallest
such n is called the nilpotency index of S.

Lie nilpotent &

Tomgs @ For a positive integer n, we say that S is Lie n-Engel if
[a, b, ...,b] =0,
n times

for all a,b € S.




Lie nilpotent & Lie n-Engel

St In an associative ring R, we define the Lie product via
x-ldentities in

group — —

. [x1,x2] = x1x2 — xox1 and, recursively via
oriented
group

involutions

[0, s Xy X4 1] = [0, s X, X 1]

@ A S CR issaid to be Lie nilpotent if there exists an

n > 2 such that [a1, ...,a,| = 0 for all a; € S. The smallest
such n is called the nilpotency index of S.

@ For a positive integer n, we say that S is Lie n-Engel if

[a, b, ...,b] =0,

n times

ALEX-IME
XIX CLA

Lie nilpotent &

Lie n-Engel
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Obviously if S is Lie nilpotent then it is Lie n-Engel for some n.
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Lemma

Let G be a group such that |C(G)| = oo. If o € FG is such
that (0(2)z71z* — 1) a =0, for all z € {, then o = 0.

Theorem

Let G be a group such that |((G)| = co. Then, FG~ or FG*
is Lie nilpotent of index n iff FG is Lie nilpotent of index n
and, so G is nilpotent and p-abelian.
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A general observation about *-Pl's:

Lemma

Let F be a field and G a group s.t |C(G)| = oo. IfFG € %P,
f, which is x-linear in some x;, then FG satisfies f;, the sum of
all monomials of f containing x; (and not x;"). In particular, if
we consider the involution x and FG™ or FG™ is Lie n-Engel,
then FG satisfies x-Pl [x1, X2 + X3, ..., x2 + x5], (respectively,

1€(6)] = oo

n times

[X173<2 - X57 sy X2 — Xék])
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Let G be a group without elements of order 2. Recall that a
group G is said to be p-abelian if G/, the commutator subgroup
of G, is a finite p-group, and 0-abelian means abelian.

It what follows, for a normal subgroup H of G we denote by
A(G, H) the kernel of the natural map FG — F(G/H):

Z Qgg — Z aggH

geG geG
and A(G, G) = A(G) is the augmentation ideal.

Proposition

Let G be a group without elements of order 2 and char(F) # 2.
Assume that FG™ or FG~ is Lie nilpotent. If the center of G
has a non-symmetric non-trivial p’-element, then G is
p-abelian.
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Definition

A ring R with involution * is said to be semi-normal if rr* =0
implies r*r =0, for all r € R.

We clearly have two immediate classes of semi-normal rings:

@ rr* =0 only if r =0, in this case * is called positive
definite on R.

Lie nilpotent &

ST @ rr* = r*r for all r € R. Such a ring we call normal.
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Let g — g* denote an involution on a group G and let o be a
nontrivial homomorphism with N = ker(o). Then, FG is normal

if and only if G is abelian or one of the following conditions
holds:




Special
*-ldentities in
group
algebras and
oriented
group
involutions

ALEX-IME
XIX CLA

Lie nilpotent &
normal group
algebras

We have the characterization of normal group algebras:

Theorem

Let g — g* denote an involution on a group G and let o be a
nontrivial homomorphism with N = ker(o). Then, FG is normal

if and only if G is abelian or one of the following conditions
holds:

QO N = ker(o) is abelian, x* = x for x € G\ N and
n* = a~lnaforallne N and forallac G\ N;
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We have the characterization of normal group algebras:

Theorem

Let g — g* denote an involution on a group G and let o be a
nontrivial homomorphism with N = ker(o). Then, FG is normal

if and only if G is abelian or one of the following conditions
holds:

QO N = ker(o) is abelian, x* = x for x € G\ N and
n* = a~lnaforallne N and forallac G\ N;

@ Both N and G are SLC-groups, G = N x¢ Cg(N), where
Ce(N) € A, g* =sg for g ¢ N and x is canonical on N.

’
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Lemma

Let R be a semiprime ring with involution * such that 2R = R.
If R~ (respectively R™ ) is Lie n-Engel, then, [R™,R™] =0
(respectively [R™T,R*] = 0) and R satisfies St the standard
identity in four noncommuting variables, where Sty is
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Lemma
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Theorem
Let F be a field of char(F) # 2 and let G be a group without

Lie nilpotent &

normal group elements of order 2 such that FG is semiprime. If FG™T is Lie

algebras

(OSSN -Engel for some n. Then, G € A or N = ker(o) € A and

(G\ N) C G*. Moreover, FG is a normal group algebra.
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Corollary

Suppose that FG and FG™ satisfy the above conditions and, N
is not an LC-group. Then, the following conditions are
equivalent:

(i) FG™ is Lie n-Engel;
(i) FG™ is a subring in FG;
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From the last theorem and the main result in [BP06] we get
immediately:

Corollary

Suppose that FG and FG™ satisfy the above conditions and, N
is not an LC-group. Then, the following conditions are
equivalent:

(i) FG™ is Lie n-Engel;
(i) FG™ is a subring in FG;

(iii) FG is a normal group algebra.
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We give some results where the involution of G is arbitrary.
We highlight that some previous results from [GPS09], cannot
be extended with a nontrivial o.
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If g € G is an element of odd order g, then
1=0(g9) =o0(g)? so o(g) =1. Thus,

Let G be a group without elements of order 2, char(F) > 2. If
FG™ is Lie n-Engel, then P is a subgroup. Moreover, G /P is
abelian or N/P is abelian and (G \ N)/P C (G/P)™.

Now an oriented version of Lemma 2.8 in [GPS09]:

Let F be a field of car(F) > 2. If FG™ is Lie n-Engel under
oriented group involution x and, if g € NT, then gP” € ¢(G),
for some m.
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ST an involution on G and o an orientation. If (FG)™ is Lie

n-Engel, then FG is Lie nilpotent.

Introduction

A result showing the impossibility of o # 1:

Let G be a finite group of even order. Assumme that G/P is
abelian. If (FG)™ is Lie n-Engel, then N is nilpotent. Moreover,
if((G) =1,then G=Px{geG:0(g)=1eg?=1}.

Further results
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