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Introduction

The algebraic study of PI group rings was initiated in 1949 by
I. Kaplansky, but it did not really catch on until the

fundamental work of S. A. Amitsur appeared some ten years
later.

After the fundamental work of Amitsur and the interest in rings
with involution developed from the 1970s by Herstein and
collaborators, it is natural to consider group algebras from this
viewpoint.



Special
?-Identities in

group
algebras and

oriented
group

involutions

Alex-IME
XIX CLA

Introduction

Notations &
Definitions

Algebras &
involutions

Lie nilpotent &
Lie n-Engel

Results

|ζ̃(G)| = ∞
Groups without
elements of
order 2

Lie nilpotent &
normal group
algebras

Further results

References

Introduction

The algebraic study of PI group rings was initiated in 1949 by
I. Kaplansky, but it did not really catch on until the
fundamental work of S. A. Amitsur appeared some ten years
later.

After the fundamental work of Amitsur and the interest in rings
with involution developed from the 1970s by Herstein and
collaborators, it is natural to consider group algebras from this
viewpoint.



Special
?-Identities in

group
algebras and

oriented
group

involutions

Alex-IME
XIX CLA

Introduction

Notations &
Definitions

Algebras &
involutions

Lie nilpotent &
Lie n-Engel

Results

|ζ̃(G)| = ∞
Groups without
elements of
order 2

Lie nilpotent &
normal group
algebras

Further results

References

Introduction

The algebraic study of PI group rings was initiated in 1949 by
I. Kaplansky, but it did not really catch on until the
fundamental work of S. A. Amitsur appeared some ten years
later.

After the fundamental work of Amitsur and the interest in rings
with involution developed from the 1970s by Herstein and
collaborators

, it is natural to consider group algebras from this
viewpoint.



Special
?-Identities in

group
algebras and

oriented
group

involutions

Alex-IME
XIX CLA

Introduction

Notations &
Definitions

Algebras &
involutions

Lie nilpotent &
Lie n-Engel

Results

|ζ̃(G)| = ∞
Groups without
elements of
order 2

Lie nilpotent &
normal group
algebras

Further results

References

Introduction

The algebraic study of PI group rings was initiated in 1949 by
I. Kaplansky, but it did not really catch on until the
fundamental work of S. A. Amitsur appeared some ten years
later.

After the fundamental work of Amitsur and the interest in rings
with involution developed from the 1970s by Herstein and
collaborators, it is natural to consider group algebras from this
viewpoint.



Special
?-Identities in

group
algebras and

oriented
group

involutions

Alex-IME
XIX CLA

Introduction

Notations &
Definitions

Algebras &
involutions

Lie nilpotent &
Lie n-Engel

Results

|ζ̃(G)| = ∞
Groups without
elements of
order 2

Lie nilpotent &
normal group
algebras

Further results

References

In particular, it is interesting to consider the sets of symmetric
and skew-symmetric elements and

, to know the extent to
which the Lie properties of these sets determine the Lie
properties of the whole group algebra. For Lie nilpotent (Lie
n-Engel) group algebras it is known:

Giambruno and Sehgal, in [GS93], under classical
involution.

G. Lee (see [Lee10, Section 3.3]).

G. Lee also advanced in the knowledge of the Lie n-Engel
property in FG +, [Lee10, Sections 3.1 and 3.2].

Giambruno, Polcino Milies and Sehgal [GPS09], studied
Lie properties in FG +, under group involutions.

Recently, Castillo and Polcino Milies [CP12] have studied
the Lie nilpotence and the Lie n-Engel properties in FG +

and FG−, under the oriented classical involution.
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Notation

Let R be a ring. A map ∗ : R −→ R is an involution if

1 (α + β)∗ = α∗ + β∗,

2 (αβ)∗ = β∗α∗, and

3 α∗∗ = α.

R+ = {α ∈ R : α∗ = α}: Symmetric Elements of R
under ∗.

R− = {α ∈ R : α∗ = −α}: Skew-Symmetric Elements
of R under ∗.
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Algebras & involutions

Let F a field and R an F-algebra with involution ∗ s.t F∗ ⊆ F:

It is possible define...

F {x1, x2, ..., } =⇒︸︷︷︸
Renumbering we obtain

F {x1, x
∗
1 , x2, x

∗
2 , ...}

by setting x∗1 = x2, x
∗
3 = x4, and so forth.

Definition

A F-algebra R ∈ ∗-PI, if there exists a nonzero polynomial
f (x1, x

∗
1 , .., xn, x

∗
n ) ∈ F {x1, x

∗
1 , x2, x

∗
2 , ...}, s.t

f (a1, a
∗
1, .., an, a

∗
n) = 0 for all a1, a2, ..., an ∈ R.

R± ∈ PI⇒ R ∈ ∗-PI

R ∈ ∗-PI⇒ R± ∈ ∗-PI. But more can be said...
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A famous result

A classical result of Amitsur [Her76, Theorem 6.5.1] says:

Theorem (Amitsur 1969)

If R satisfies a ∗-PI of degree d, then R satisfies a PI in the
usual sense. In particular, if R+ or R− is PI, then R is PI.

As usual in most work with PI’s, the first step is to show that
R satisfies a homogeneous multilinear identity..., i.e.,

Theorem (Linearization process)

If R satisfies p(x ; x∗) = αm(x ; x∗) + ... of degree d, where
α 6= 0 and m(x ; x∗) is a monomial of degree d, then R satisfies
p(x ; x∗) = αx1x2...xd + q(x ; x∗) where each monomial of
q(x ; x∗) is of degree d, involves xi or x∗i but not both and
x1x2...xd does not occur in q(x ; x∗).
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q(x ; x∗) is of degree d, involves xi or x∗i but not both and
x1x2...xd does not occur in q(x ; x∗).
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Group algebras

FG =

{∑
g∈G

αgg : αg ∈ F and αg = 0 a.e

}
.

Example

Given both an σ : G → U(F) and a ∗ : G → G , an oriented
group involution of FG is defined by

α =
∑
g∈G

αgg 7→ α? =
∑
g∈G

αgσ(g)g∗, N = ker(σ).

As usual, we write G +, FG + (FG−), the set of symmetric
(skew-symmetric) elements of G and FG under ?,
respectively.
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Lie nilpotent & Lie n-Engel

In an associative ring R, we define the Lie product via
[x1, x2] = x1x2 − x2x1 and, recursively via

[x1, ..., xn, xn+1] = [[x1, ..., xn], xn+1].

Definition

1 A S ⊆ R is said to be Lie nilpotent if there exists an
n ≥ 2 such that [a1, ..., an] = 0 for all ai ∈ S. The smallest
such n is called the nilpotency index of S.

2 For a positive integer n, we say that S is Lie n-Engel if

[a, b, ..., b︸ ︷︷ ︸
n times

] = 0,

for all a, b ∈ S.

Obviously if S is Lie nilpotent then it is Lie n-Engel for some n.
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Known Results

From now on we will consider a σ : G → U(F).

Let ζ = ζ(G ) denote the center of group G . In [GS93] it was
proved that if ∗ is the classical involution and ζ2 is infinite, and
if FG + or FG− is Lie nilpotent of index n, then also FG is Lie
nilpotent of index n. Recently in [CP12] Castillo and Polcino
Milies obtained for oriented classical involutions:

Theorem (Castillo-Polcino Milies, 2012)

Let G be a group s.t |ζ2(G )| =∞. Then, FG + or FG− is Lie
nilpotent of index n if and only if FG is Lie nilpotent of index n.

In our situation, we obtain:



Special
?-Identities in

group
algebras and

oriented
group

involutions

Alex-IME
XIX CLA

Introduction

Notations &
Definitions

Algebras &
involutions

Lie nilpotent &
Lie n-Engel

Results

|ζ̃(G)| = ∞
Groups without
elements of
order 2

Lie nilpotent &
normal group
algebras

Further results

References

Known Results

From now on we will consider a σ : G → U(F).

Let ζ = ζ(G ) denote the center of group G . In [GS93] it was
proved that if ∗ is the classical involution and ζ2 is infinite, and
if FG + or FG− is Lie nilpotent of index n, then also FG is Lie
nilpotent of index n. Recently in [CP12] Castillo and Polcino
Milies obtained for oriented classical involutions:

Theorem (Castillo-Polcino Milies, 2012)

Let G be a group s.t |ζ2(G )| =∞. Then, FG + or FG− is Lie
nilpotent of index n if and only if FG is Lie nilpotent of index n.

In our situation, we obtain:



Special
?-Identities in

group
algebras and

oriented
group

involutions

Alex-IME
XIX CLA

Introduction

Notations &
Definitions

Algebras &
involutions

Lie nilpotent &
Lie n-Engel

Results

|ζ̃(G)| = ∞
Groups without
elements of
order 2

Lie nilpotent &
normal group
algebras

Further results

References

Known Results

From now on we will consider a σ : G → U(F).

Let ζ = ζ(G ) denote the center of group G . In [GS93] it was
proved that if ∗ is the classical involution and ζ2 is infinite, and
if FG + or FG− is Lie nilpotent of index n, then also FG is Lie
nilpotent of index n. Recently in [CP12] Castillo and Polcino
Milies obtained for oriented classical involutions:

Theorem (Castillo-Polcino Milies, 2012)

Let G be a group s.t |ζ2(G )| =∞. Then, FG + or FG− is Lie
nilpotent of index n if and only if FG is Lie nilpotent of index n.

In our situation, we obtain:



Special
?-Identities in

group
algebras and

oriented
group

involutions

Alex-IME
XIX CLA

Introduction

Notations &
Definitions

Algebras &
involutions

Lie nilpotent &
Lie n-Engel

Results

|ζ̃(G)| = ∞
Groups without
elements of
order 2

Lie nilpotent &
normal group
algebras

Further results

References

Known Results

From now on we will consider a σ : G → U(F).

Let ζ = ζ(G ) denote the center of group G . In [GS93] it was
proved that if ∗ is the classical involution and ζ2 is infinite, and
if FG + or FG− is Lie nilpotent of index n, then also FG is Lie
nilpotent of index n. Recently in [CP12] Castillo and Polcino
Milies obtained for oriented classical involutions:

Theorem (Castillo-Polcino Milies, 2012)

Let G be a group s.t |ζ2(G )| =∞. Then, FG + or FG− is Lie
nilpotent of index n if and only if FG is Lie nilpotent of index n.

In our situation, we obtain:



Special
?-Identities in

group
algebras and

oriented
group

involutions

Alex-IME
XIX CLA

Introduction

Notations &
Definitions

Algebras &
involutions

Lie nilpotent &
Lie n-Engel

Results

|ζ̃(G)| = ∞
Groups without
elements of
order 2

Lie nilpotent &
normal group
algebras

Further results

References

Lie nilpotence when |ζ̃(G )| =∞

Let ζ̃(G ) =
{

z−1z∗ : z ∈ ζ(G )
}

and let ? given by

α =
∑
g∈G

αgg 7→ α? =
∑
g∈G

αgσ(g)g∗

Lemma

Let G be a group such that |ζ̃(G )| =∞. If α ∈ FG is such
that

(
σ(z)z−1z∗ − 1

)
α = 0, for all z ∈ ζ, then α = 0.

Theorem

Let G be a group such that |ζ̃(G )| =∞. Then, FG− or FG +

is Lie nilpotent of index n iff FG is Lie nilpotent of index n
and, so G is nilpotent and p-abelian.
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∗-Linear

The last result does not hold for the Lie n-Engel property.
But...

Example

f (x1, x
∗
1 , x2, x

∗
2 , x3, x

∗
3 ) = x1x2 + x∗1 x2x∗2 + x1x3x2 + x∗1 x2x∗3 , is

∗-linear in x1, but not x2 neither x3.

A general observation about ∗-PI’s:

Lemma

Let F be a field and G a group s.t |ζ̃(G )| =∞. If FG ∈ ∗-PI,
f , which is ∗-linear in some xi , then FG satisfies f1, the sum of
all monomials of f containing xi (and not x∗i ). In particular, if
we consider the involution ? and FG + or FG− is Lie n-Engel,
then FG satisfies ?-PI [x1, x2 + x?2 , ..., x2 + x?2︸ ︷︷ ︸

n times

], (respectively,

[x1, x2 − x?2 , ..., x2 − x?2︸ ︷︷ ︸
n vezes

]).
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all monomials of f containing xi (and not x∗i ). In particular, if
we consider the involution ? and FG + or FG− is Lie n-Engel,

then FG satisfies ?-PI [x1, x2 + x?2 , ..., x2 + x?2︸ ︷︷ ︸
n times

], (respectively,

[x1, x2 − x?2 , ..., x2 − x?2︸ ︷︷ ︸
n vezes

]).
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Groups without elements of order 2

Let G be a group without elements of order 2

. Recall that a
group G is said to be p-abelian if G ′, the commutator subgroup
of G , is a finite p-group, and 0-abelian means abelian.

It what follows, for a normal subgroup H of G we denote by

∆(G ,H) the kernel of the natural map FG
Ψ−→ F(G/H):∑

g∈G
αgg 7−→

∑
g∈G

αggH

and ∆(G ,G ) = ∆(G ) is the augmentation ideal.

Proposition

Let G be a group without elements of order 2 and char(F) 6= 2.
Assume that FG + or FG− is Lie nilpotent. If the center of G
has a non-symmetric non-trivial p′-element, then G is
p-abelian.
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Normal & Lie n-Engel properties

Heceforth, σ(g) = ±1

In [Her76] appears a special class of rings with involution,
called semi-normal rings.

Definition

A ring R with involution ∗ is said to be semi-normal if rr∗ = 0
implies r∗r = 0, for all r ∈ R.

We clearly have two immediate classes of semi-normal rings:

rr∗ = 0 only if r = 0, in this case ∗ is called positive
definite on R.

rr∗ = r∗r for all r ∈ R. Such a ring we call normal.



Special
?-Identities in

group
algebras and

oriented
group

involutions

Alex-IME
XIX CLA

Introduction

Notations &
Definitions

Algebras &
involutions

Lie nilpotent &
Lie n-Engel

Results

|ζ̃(G)| = ∞
Groups without
elements of
order 2

Lie nilpotent &
normal group
algebras

Further results

References

Normal & Lie n-Engel properties

Heceforth, σ(g) = ±1

In [Her76] appears a special class of rings with involution,
called semi-normal rings.

Definition

A ring R with involution ∗ is said to be semi-normal if rr∗ = 0
implies r∗r = 0, for all r ∈ R.

We clearly have two immediate classes of semi-normal rings:

rr∗ = 0 only if r = 0, in this case ∗ is called positive
definite on R.

rr∗ = r∗r for all r ∈ R. Such a ring we call normal.



Special
?-Identities in

group
algebras and

oriented
group

involutions

Alex-IME
XIX CLA

Introduction

Notations &
Definitions

Algebras &
involutions

Lie nilpotent &
Lie n-Engel

Results

|ζ̃(G)| = ∞
Groups without
elements of
order 2

Lie nilpotent &
normal group
algebras

Further results

References

Normal & Lie n-Engel properties

Heceforth, σ(g) = ±1

In [Her76] appears a special class of rings with involution,
called semi-normal rings.

Definition

A ring R with involution ∗ is said to be semi-normal if rr∗ = 0
implies r∗r = 0, for all r ∈ R.

We clearly have two immediate classes of semi-normal rings:

rr∗ = 0 only if r = 0, in this case ∗ is called positive
definite on R.

rr∗ = r∗r for all r ∈ R. Such a ring we call normal.



Special
?-Identities in

group
algebras and

oriented
group

involutions

Alex-IME
XIX CLA

Introduction

Notations &
Definitions

Algebras &
involutions

Lie nilpotent &
Lie n-Engel

Results

|ζ̃(G)| = ∞
Groups without
elements of
order 2

Lie nilpotent &
normal group
algebras

Further results

References

Normal & Lie n-Engel properties

Heceforth, σ(g) = ±1

In [Her76] appears a special class of rings with involution,
called semi-normal rings.

Definition

A ring R with involution ∗ is said to be semi-normal if rr∗ = 0
implies r∗r = 0, for all r ∈ R.

We clearly have two immediate classes of semi-normal rings:

rr∗ = 0 only if r = 0, in this case ∗ is called positive
definite on R.

rr∗ = r∗r for all r ∈ R. Such a ring we call normal.



Special
?-Identities in

group
algebras and

oriented
group

involutions

Alex-IME
XIX CLA

Introduction

Notations &
Definitions

Algebras &
involutions

Lie nilpotent &
Lie n-Engel

Results

|ζ̃(G)| = ∞
Groups without
elements of
order 2

Lie nilpotent &
normal group
algebras

Further results

References

Normal & Lie n-Engel properties

Heceforth, σ(g) = ±1

In [Her76] appears a special class of rings with involution,
called semi-normal rings.

Definition

A ring R with involution ∗ is said to be semi-normal if rr∗ = 0
implies r∗r = 0, for all r ∈ R.

We clearly have two immediate classes of semi-normal rings:

rr∗ = 0 only if r = 0, in this case ∗ is called positive
definite on R.

rr∗ = r∗r for all r ∈ R. Such a ring we call normal.



Special
?-Identities in

group
algebras and

oriented
group

involutions

Alex-IME
XIX CLA

Introduction

Notations &
Definitions

Algebras &
involutions

Lie nilpotent &
Lie n-Engel

Results

|ζ̃(G)| = ∞
Groups without
elements of
order 2

Lie nilpotent &
normal group
algebras

Further results

References

We have the characterization of normal group algebras:

Theorem

Let g 7→ g∗ denote an involution on a group G and let σ be a
nontrivial homomorphism with N = ker(σ).Then, FG is normal
if and only if G is abelian or one of the following conditions
holds:

1 N = ker(σ) is abelian, x∗ = x for x ∈ G \ N and
n∗ = a−1na for all n ∈ N and for all a ∈ G \ N;

2 Both N and G are SLC -groups, G = N ×ζ CG (N), where
CG (N) ∈ A, g∗ = sg for g /∈ N and ∗ is canonical on N.
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Before normality Vs Lie n-Engel, a general result:

Lemma

Let R be a semiprime ring with involution ∗ such that 2R = R.
If R− (respectively R+) is Lie n-Engel, then, [R−,R−] = 0
(respectively [R+,R+] = 0) and R satisfies St4 the standard
identity in four noncommuting variables, where St4 is

St4(x1, x2, x3, x4) =
∑
ρ∈S4

(sgnρ)xρ(1)xρ(2)xρ(3)xρ(4).

Theorem

Let F be a field of char(F) 6= 2 and let G be a group without
elements of order 2 such that FG is semiprime. If FG + is Lie
n-Engel for some n. Then, G ∈ A or N = ker(σ) ∈ A and
(G \ N) ⊆ G +. Moreover, FG is a normal group algebra.
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(G \ N) ⊆ G +. Moreover, FG is a normal group algebra.
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From the last theorem and the main result in [BP06] we get
immediately:

Corollary

Suppose that FG and FG + satisfy the above conditions and, N
is not an LC-group. Then, the following conditions are
equivalent:

(i) FG + is Lie n-Engel;

(ii) FG + is a subring in FG ;

(iii) FG is a normal group algebra.
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Further results

Currently, Castillo, Holgúın and Polcino Milies are investigating
(in preparation) which properties of Lie known for any
involution ∗ defined on a group G and for the oriented classical
involution

, may be generalized to oriented group involutions.

We give some results where the involution of G is arbitrary.
We highlight that some previous results from [GPS09], cannot
be extended with a nontrivial σ.
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Currently, Castillo, Holgúın and Polcino Milies are investigating
(in preparation) which properties of Lie known for any
involution ∗ defined on a group G and for the oriented classical
involution, may be generalized to oriented group involutions.

We give some results where the involution of G is arbitrary

.
We highlight that some previous results from [GPS09], cannot
be extended with a nontrivial σ.



Special
?-Identities in

group
algebras and

oriented
group

involutions

Alex-IME
XIX CLA

Introduction

Notations &
Definitions

Algebras &
involutions

Lie nilpotent &
Lie n-Engel

Results

|ζ̃(G)| = ∞
Groups without
elements of
order 2

Lie nilpotent &
normal group
algebras

Further results

References

Further results
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If g ∈ G is an element of odd order q,

then
1 = σ(gq) = σ(g)q, so σ(g) = 1. Thus,

Lemma

Let G be a group without elements of order 2, char(F) > 2. If
FG + is Lie n-Engel, then P is a subgroup. Moreover, G/P is
abelian or N/P is abelian and (G \ N)/P ⊆ (G/P)+.

Now an oriented version of Lemma 2.8 in [GPS09]:

Lemma

Let F be a field of car(F) > 2. If FG + is Lie n-Engel under
oriented group involution ? and, if g ∈ N+, then gpm ∈ ζ(G ),
for some m.
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Proposition

Let G be a finite group of odd order, F a field of car(F) > 2, ∗
an involution on G and σ an orientation

. If (FG )+ is Lie
n-Engel, then FG is Lie nilpotent.

A result showing the impossibility of σ 6≡ 1:

Theorem

Let G be a finite group of even order. Assumme that G/P is
abelian. If (FG )+ is Lie n-Engel, then N is nilpotent. Moreover,
if ζ(G ) = 1, then G ∼= P o

{
g ∈ G : σ(g) = 1 e g 2 = 1

}
.
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J. H. Castillo Gómez and C. Polcino Milies. Lie properties of
symmetric elements under oriented involutions. Commun. Algebra 40
(2012), 4404-4419.

O. B. Cristo and C. Polcino Milies. Symmetric elements under oriented
involutions in group rings. Comm. Algebra 34 (2006):3347-3356.

A. Giambruno, C. Polcino Milies and S. K. Sehgal. Lie properties of
symmetric elements in group rings. J. Algebra 321 (2009):890-902.

A. Giambruno and S. K. Sehgal. Lie nilpotence of group rings. Comm.
Algebra 21 (1993):4253-4261.

I.N. Herstein. Rings with involution. University of Chicago Press,
Chicago (1976).

G. T. Lee. Group Identities on Units and Symmetric Units of Group
Rings. Springer-Verlag, London (2010).

C. Polcino Milies and S. K. Sehgal. An Introduction to Group Rings.
Kluwer, Dordrecht (2002).



Special
?-Identities in

group
algebras and

oriented
group

involutions

Alex-IME
XIX CLA

Introduction

Notations &
Definitions

Algebras &
involutions

Lie nilpotent &
Lie n-Engel

Results

|ζ̃(G)| = ∞
Groups without
elements of
order 2

Lie nilpotent &
normal group
algebras

Further results

References

References
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